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A gauge invariant electromagnetic two-point function, crucial to the inves-
tigations of the violation of isospin symmetry, is derived for heavy-light quark
systems. Thus QED can be consistently introduced into the QCD Sum Rule
method, which was not previously possible.
The origin of mass dierences in isospin multiplets has long been of great interest
in nuclear and particle physics as a source of information about symmetry violations.
Hadronic isospin violations are particularly important in that they arise from non-
perturbative Quantum Chromodynamics (QCD) as well as quark mass dierences
(see Ref.[1] for a review of the early work in this area), and of course electromag-
netic eects. Among the rst applications of the method of QCD sum rules was
the study of isospin violations in the    ! system[2], in which it was recognized
that the isospin splitting of the light-quark condensates can produce eects as large
as the current-quark mass splittings and electromagnetic eects. Recently the QCD
sum rule method has been used to study the neutron-proton mass dierence[3, 4],
the octet baryon mass splittings[5] and the mass dierences in the charmed meson
systems (the D and D

scalar and vector mesons)[6].
In comparison with hadronic quark models, the QCD sum rule method for calcu-
lating isospin splittings has the advantage that one can directly use QED eld theory
rather than rely on models to estimate Coulomb corrections. This, however, has not
been done. In our earlier attempt to calculate the standard two-loop QED contribu-
tions to the isospin mass splittings in heavy-light quark systems [Fig. 1] using the
sum rule method we found[7] that for the charged mesons, involving charged currents,
1
the calculation is not gauge invariant. The objective of the present letter is to devel-
ope a gauge invariant theory for QED phenomena within the QCD sum rule method.
Although our derivation is for heavy-light quark mesons, the method is quite general
and can be used for baryons as well as mesons.
The basic approach of the QCD sum rule in heavy light quark systems is to study





































The local operators, fO
n










, have been extensively discussed in the literature in the
studies of the masses and their decay constants for heavy-light quark systems.
In order to study the violations of the isospin symmetry, the electromagnetic eects
should also be written in the framework of the operator product expansion. The
leading electromagnetic eects in the this approach are the two-point functions from
a two-loop perturbative contribution, whose Feynman diagrams are shown in Fig. 1.
For the charge neutral current, one could simply obtain the two-point functions by
changing the gluons in QCD to the photons in QED in Fig. 1, since the two-point























































































is the Spencer function. Obviously, this result is gauge
invariant.
The calculation of the two-point functions for a charged current is much more
complicated. Since the Feynman diagrams in Fig. 1 are weighted by the products of
2
dierent charges, the corresponding two point functions are not gauge invariant. The













































), therefore, the current J








. Of course, gauge invariance is a fundamental property of electromagnetic
interactions, and any observable obtained using the current must be gauge invariant.
In order to obtain a solution to the problem, let us start with a gauge invariant
form of the two-point function, which is obtained by inserting the link operator into





























































The gauge transformation of the electromagnetic eld A

(x) cancels those of quark
elds q(x) and Q(x) so that two-point function is gauge invariant. This is QED analog
to the QCD treatment introduced[9] for the pion wave function.
Expanding to order 
e














(x) is given by insertion of photon vertices in the quark lines of the
current given by Eq. 2; and the evaluation of the resulting two-point functions is





















corresponds to an additional vertex function with the charge e
T
; and in the evaluation
of the two-point function gives rise to the additional diagrams shown in Fig. 2, which

























































































The fact that such additional vertex functions must be present for charged currents
for gauge invariance has been observed previously. See, e.g., Ref.[10].
Since the masses for the heavy and light quarks are not the same, it is more
convenient to calculate the two-point function in momentum space. The Fourier








































































































































































































































































) represent the the self-energy diagram for the light quark q(x)





) corresponds to the photon exchange
4
















) in Eq. 18 is of course gauge invariant, and the analytical expressions of its
imaginary part can be obtained from Eqs. 3 and 4. The last two terms in Eq. 18 are












































































) is identical to the expression in Eq. 17. Therefore, the gauge










) exactly cancel each other, and
we have a total gauge invariant results. This provides an important check at the




) for the current J
t

(x) in Eq. 10 is
indeed gauge invariant.










































































































































































































is an one-loop wavefunction renormalization equivalently in Landau gauge. It has
been shown that F (k
2
) vanishes[11] for a zero mass particle in dimensional regular-



























) is proportional to the mass of the heavy quarks. This shows that the
divergence induced by the wavefunction renormalizations does not exist in Eq. 26,
which implies that the Ward identity is restored in this approach.










































































































is the one-loop integral, D = 4  2, ! 0
+
, is the number of spacetime dimensions,
and the running mass
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The evaluation of Eq. 27 is performed in the modied minimal subtraction scheme



















































































for pseudo-scalar and vector currents respectively, in which the running mass

M() is




) vanishes for both pseudo-





in the small M limit, this is exactly what one would expect





) are in the heavy quark limit remains to be studied.
In summary, we have derived a gauge-independent form for QED corrections to
QCD sum rules by identifying processes with additional vertices which must be in-
cluded for charged currents. The result here presents an important step toward a
consistent treatment of the violations of isospin symmetry in the QCD sum rule
framework. The applications of this result to isospin splittings of heavy-light quark
systems as well as the Kaon systems are in progress, and will be given elsewhere.
This work is supported by National Science Foundation grant PHY-9023586.
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Figure Captions
1. The two loop perturbative corrections for charged neutral currents
2. Additional diagrams generated by J
e

(x) for charged heavy-light quark sys-
tems. See text.
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